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Abstract

The materials in this formula sheet is collected from the lecture slides of STAT 308. I will keep
updating this formula sheet to make it self-contained. If you see any typo, please contact me. Thank you!
Partial credit is given to Dr. Stuart at LUC. The course structure is based on his lecture design.
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Simple Linear Regression
Straight Line Model

Mathematically, a straight line is defined as

y = Bo+ Pix

where
e [y is the intercept; the value of y when x =0

e (31 is the slope; the change in y for a one unit change in x

Simple Linear Regression Motivation

We need to add an additional term to account for the fact that there are differences between a straight line
and the actual data. These are defined as the errors/residuals of the linear model, and are noted by the
greek letter e.

Y =05 +5/X+e

Assumptions

o Existence: For any given value of X, Y is a random variable with a certain probability distribution
with a finite mean and variance. Define:

— py|x - the population mean of YV for a fixed X
— 0% x - the population variance of Y for a fixed X

e Independence: The observed values of Y are statistically independent of one another given X. Coun-
terexample:

— X = Daily closing price of the S&P 500
— Y = Daily closing price of Bitcoin

o Linearity: py|x is a straight line function of X. In other words we say that

py|x = Bo + /X
where By and (31 are defined here as the population intercept and slope, respectively.
The next two assumptions discuss the distribution of e.

o Homoscedasticity: The variance of Y is the same for different given values of X. Mathematically, this
is equivalent to saying
2 2
UYlX =0,

or in other words U%l X, = O‘%l X, for different 4 and j.
o Normality: For any fixed value of x, Y is normally distributed. This fact makes analysis of the data
easier.

All of these assumptions put together lead us to the assumption of the distribution of the residuals:

e~ N(0,0%).

Counter example

Least Square Estimation for Simple Linear Regression

The “least squares” method provides estimates that minimizes the sum of the squared differences between
observed y and its estimates from the regression line. In other words, the least squares methods finds £y and
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Figure 1: One counter example

/1 that minimizes the sum of squared (due to) errors

SSE = (yi —9:) = Y_(vi — (Bo + Brx:))?,
1=1

i=1
where §; = fo + f1;.

Estimators

The least squares method produces the estimates

r i (@ 7)Yy — 9)
= Z?:l(xi —7)?

and . .
Bo =1y — 17T

Equivalent Expression of

5 Pl e = (0 @) (D) S =) i —5) _rsy,
n (X a?) — (X, )’ S (@ — 3)° s

where

| Yi — Y 9 - _\2 9 1 _\2
B (5 () - B S

S
i=1 Y

We call r the sample correlation between X and Y7 s2 and 35 are variance of X and Y, respectively.



Interpretation of the estimates BO and Bl

« [(1: When independent variable z increases by 1 unit, the change in the predicted/expected value of
dependent variable y is 51 units.

e Bo: The predicted/expected value of y when x = 0.

Estimating the Variance (o?)

Recall that, without knowledge of X, our estimate of the variance of Y is

1 n
sy = Z(yi -9)%
i=1

n—1

The summation can be thought of as the sum of squared distance between an observed y; and its prediction y.

The estimate for the variance of the linear regression model, o2 is calculated in a similar manner

n

Z(?Ji — (Bo + Brzi)).

=1

1
~2
= — E:
7 n—QSS n—2

We also call 37 (y; — (Bo + B17:))? Residual Sum of Squares (RSS).

Property of 31 and /3’0

e B and f; are both normally distributed.
e [y and f3; are both unbiased: E (30) =By and E (Bl) = Bi.

e Var (Bl) = naiﬁ
(@i —Z)
. Z;FI g , [ »
— i=1""% — S z
““@Q—nzgmﬂf‘”["+zzwrwy

Inference on linear regression model

Recall from previous lecture slides, we said that

Y —p
Sy

Jn

~tgf=n—1

where Y is the sample mean of normal samples and sy is the sample standard deviation of the samples.

We can obtain a similar conclusion regarding the distribution of Bo and By assuming the residuals are
normally distributed with a common variance.

Bo — Bo
o tdf=n—2
Bo
and
B — B
— ~ tdf=n—2
5,
Wheretis%01 = 42 (% + (nf”f)sg() and 8/231 = ﬁ They are standard errors of estimator Bo and Bl
respectively.

(Note: Often times, inference on Sy is not meaningful to us.).

A\ 2
o? =y, (Y- 1)



Revisit ¢ distribution

e . . . e Z ~

t distribution: T := o tar=v
e Z~N(0,1)
() V ~ Xif*]}

We also need Z and V' are independent.

For ﬁl

. Bl, Y and 62 are mutually independent.
~2
% has a chi square distribution with n — 2 degrees of freedom.

Based on these claims, can you show

Confidence intervals for (;

Define t}, as the quantile from the ¢-distribution such that Pr (—t; < @ < t(’;) =1-a.

B1
Solving for 3 in the center, we have Pr (31 —tr x s5, < b1 < Bl +tr % Sﬁl) =1-a.
A 100 x (1 — )% confidence interval for the population slope, (1, is

PrEtiogn2 X sy

where t1-g n-—2is the 1 — 3 quantile of the ¢-distribution with n — 2 degrees of freedom.

Hypothesis testing for 3

In terms of hypothesis testing, we are considered with testing if a linear model for our response variable with
the predictor variable included is statistically significantly better at predicting than the model that does not
include the predictor variable.

In other words we are testing to see if the solid line in the below graph (§ = Bg + le) is significantly better
at predicting Y than the horizontal dashed line (§ = 3).
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Idea We can think of this in terms of a reduced model and a full model:
o Reduced Model: Y = 3y
o Full Model: ¥ = 8o + 51 X
The null hypothesis can be thought of as what is missing from the full model to the reduced model.
If 1 = 0, the predictor variable goes away.
e Hy:p1 =0
The alternative hypothesis is the exact opposite of the null hypothesis, and what we are trying to check.
e Hy:B1 #0
If Hy is true, then

A

b

— ~tdf=n-—2

581

Because, under Hy, we are assuming that the true population slope, 51 = 0.

Therefore, our test statistic is t = f—l
B1

p-value: 2 x P(T > |t|). Note that T represents a t-distributed random variable with n — 2 degrees of
freedom.

Decision:

e If p—walue < «, reject Hy. We have statistically significant evidence that X is significant in predicting
Y through a linear relationship.

e If p—walue > a, do not reject Hy. We do not have statistically significant evidence that X is significant
in predicting Y through a linear relationship.



Confidence Intervals for py | x for X = zq

Suppose we are interested in inference for py |, the mean of Y for all members of the population for any
given value of X = x.

We have already shown an estimate of uy4,,
0y |zg = Bo + Pro.

We can also that ~
Kty |zg — MY |zo
——————— ~lif=n—2
Shy |z
2 _~2(1 (wo—;i)z . . . ~ . . ~
where Sfiyieg = 0 (n + (n-1)s% ) 18 the estimated variance of fiy ;- Sfiy ey 18 the standard error of fiy |4,

Therefore, we can calculate a 100 x (1 — )% confidence interval for py ., as

1y |z + tl—%,n—2 X S/:l/y‘g_,o'

Prediction Intervals for Y for X =

Perhaps instead of calculating an interval for the mean of Y for all individuals where X = xy, we are
interesting in an interval for a single individual where X = zg.

Note that the variance of a predict for a single individual is larger than the variance of a ‘predict’ for a
group of individuals.
Yio = Wy |ao + €= Bo + Bixo + €.

Naturally, we now have to incorporate two sources of variability

e the uncertainty in the estimate of the mean uy|x,, i.e., }A@O = BO + leo.

o the variability in the errors e.
Using these pieces of information, we can say that

Yio — Yao

Y,

~ tdf:n72'
0

2 _ A2 1 (wo—®)? )
where s?x07Y£0 =4 (1 + o+ n-1)s% )

Therefore, we can calculate a C' = 100 x (1 — a)% prediction interval for and individual Y, as

A~

on + tl_%,n_g X SYzO—ng'

Performing Least Squares Regression in R

The function 1m performs least squares regression in R. Let’s run a linear regression for systolic blood pressure
by age based on bloodpressure data set.

mod_blood <- 1m(SBP ~ Age,bloodpressure)
summary (mod)

##

## Call:

## 1lm(formula = SBP ~ Age, data = bloodpressure)
##

## Residuals:



## Min 1Q Median 3Q Max
## -21.724 -6.994 -0.520 2.931 75.654

##

## Coefficients:

#it Estimate Std. Error t value Pr(>ltl)

## (Intercept) 98.7147 10.0005 9.871 1.28e-10 **x*

## Age 0.9709 0.2102 4.618 7.87e-05 *x*x

## ——

## Signif. codes: O '**x' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
#t

## Residual standard error: 17.31 on 28 degrees of freedom
## Multiple R-squared: 0.4324, Adjusted R-squared: 0.4121
## F-statistic: 21.33 on 1 and 28 DF, p-value: 7.867e-05

SBP = 98.71 + 0.9709Age

R Code to do predictions

Set interval = "confidence" and interval = "prediction" to make prediction interval for future average
value and individual value, respectivaly.

newdata <- data.frame(Age = 55)

predict(mod_blood, newdata, interval = "confidence", level = 0.9)
## fit lwr upr

## 1 152.1126 145.681 158.5442
predict(mod_blood,newdata,interval = "prediction",level = 0.9)
## fit lwr upr

## 1 152.1126 121.9656 182.2596

Regression to Mean Effects

According to any least squares regression line, what do we expect the dependent variable to be for independent
variable as T + s, 7

§ = Bo+bi (T +5z)
= (g—Bli‘> +b1£f+b18x
g+,

Sz
=y+rsy.
We predict y to be r times its standard deviations above the mean.

Because —1 < r < 1, this leads to the result that we never predict y to be more standard deviations above or
below the mean than x is, which is called regression to the mean.

Check Regression Model
o Existence and Independence: Logic based approaches, common sense
e Linearity: Check the scatter plot
o Homoscedasticity (Common Variance): Residual Plot

o Normality: QQ-plot



Residual Plot

Residual Plot: A plot of the residuals from a least squares regression model, plotted against the fitted

A~

values Y.

# plot(mod, 1) gives a residual plot from a linear model

plot(mod,1)
Residuals vs Fitted
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Fitted values
Im(SBP ~ Age)
The red curve in this plot is a nonparametric smooth line added to help visualize any patterns or structures
in the residuals.

We want to see no pattern at all, or some type of random scatter around a horizontal line at zero. We also
want to see the same type of spread of the residuals across different values of §.

For the residual plot of the blood pressure linear model, the points appear to be evenly spread and randomly
scattered around zero. Therefore, the assumption of homoscedasticity (common variance) is not violated.

Quantile-Quantile (QQ) Plot

Quantile-Quantile (QQ) Plot: A plot that visualizes the residuals from a model (fitted linear model)
against an assumed error distribution (normal distribution for the least squares model).

For our model, we want to check if the residuals are normally distributed.

# plot(mod,2) produces a Q@-plot from a linear model
plot(mod,?2)

10



Normal Q-Q
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Theoretical Quantiles
Im(SBP ~ Age)

We want to see points that fall closely to a line.

Multiple Linear Regression

Multiple Linear Regression: An extension of simple linear regression into where we can estimate a response
variable Y based on multiple explanatory variables X1, Xs,..., Xx_1. k£ — 1 is the number of explanatory
variables in our linear structure.

Needed assumptions

o Existence: For any given value of X7,..., X;_1, Y is a random variable with a certain probability
distribution with a finite mean and variance.

e Independence: The observed values of Y are statistically independent of one another given X1,..., Xxp_1

e Linearity: uy|x = 8o + $1 X1+ B2X2 + -+ + Br—1Xr—1 or equivalently

Y=00+56Xi+5Xo+ 4+ Bu—1Xp—1+¢

where € is the error of the multiple linear model.

e Homoscedasticity: The variance of Y is the same for different given values of Xi,..., Xx_1, i.e.,
032’|X1,X2,...,Xk,1 = Var (Y | Xl,XQ, . 7){Pk,l) = 02.

e Normality: For any fixed value of X1,..., X,_1, Y is normally distributed. This fact makes analysis of
the data easier.

Note, these assumptions on previous slide are the same for simple linear regression, just extended to multiple
linear regression)

All of these assumptions put together lead us to our full mathematical model we will assume:

Y ~ N(Bo+ B X1+ + Br1Xp—1,0%).

11



“Least squares” regression estimate

Recall from the simple linear regression notes that, the estimates for the regression parameters By and f; can
be found by minimizing the sum of squared errors

n

SSE = Z(yi — (Bo + Brw:)).

=1

For multiple linear regression, this estimation procedure is the same. More specifically, to find estimates for
the regression parameters S5y, 81, - .., Bk—1, we need to minimize

n

SSE = Z(yz —(Bo+ lem +ot Bk—lxz}k—l))Q'

i=1

where x; ; is the i*" observation from variable j for j =1,...,k — 1.

Confidence Intervals for regression parameters

For 7 =0,1,--- ,k — 1, we can say

where s 5 is the the standard error for Bj.

Therefore, a corresponding 100 x (1 — )% confidence interval for 8; can be written as

H *
6] itl—%,n—k X SB]'

Use confint in R to compute CI for one specific coefficients.

allgreen <- read.csv("AllGreen.csv")

mod <- 1m(NetSales ~ Advertising + SqFt,allgreen)

# For square footage, let's use the R command confint()
confint (mod, "SqFt",level=0.95)

it 2.5% 97.5 %
## SqFt 30.1952 60.98805

confint (mod, "Advertising",level=0.95)

## 2.5% 97.5%
## Advertising 20.12197 36.52828

Confidence Intervals for MLR Predictions

Suppose we have some values of the explanatory variables @y. The mean of the response variable for our
linear model is defined as

By |zy = wOﬂu

an estimate of this mean is

ﬂy|m0 = x0f.

12



Like in simple linear regression, we can say that

ﬂY|$0 - HY':I:O

—————— ~ ldf=n—k;
Va’r(ﬂY|mo)

where V%Lr(ﬂy|mo) is the estimate of the variance of fiy |,

Therefore, we can calculate a C'= 100 x (1 — a)% confidence interval for iy |4, as

ﬂY|m0 itlf%,nfkr X Va'r(ﬂY|mo)-

Similarly, we can estimate a prediction for a particular individual for a given g as

A~ A

Ymo = mO/Bv

Yo, — Ya

0

— ~ taf=n—k;
Var(Va, — Yay)

where Var(Vy, — Yz, ) is the estimate of the variance of Y, — Y, and we can calculate a 100 x (1 — a)%
prediction interval for Yy, as

Vo £t1-g ok x \/ Var(Ya, — Ya,).

Calculate a prediction, 95% confidence interval, and a 95% prediction interval (PI) for the net sales for stores
at 3500 square feet and that spend 10,000 dollars on advertising.

# To calculate these confidence and prediction intervals,
# we will use the predict() function
newdata <- data.frame(SqFt = 3.5,
Advertising = 10)
predict (mod,newdata)

## 1
## 348.3281

predict(mod,newdata,interval="prediction",level = 0.95)

## fit lwr upr
## 1 348.3281 240.8506 455.8057

Multiple Linear Regression in Matrix Form

Everything we need to perform multiple linear regression can be done using linear algebral!

Matrix Transpose

Consider a matrix Asys. The transpose of the matrix A’ is the same matrix with the rows and columns
flipped (i.e. the 1st row of A is the 1st column of A’)

Example
2 1
a=[23] |
1 2



Matrix Addition

. . a a a b b b
Consider matrices Aoyz = M2 13 and Byy3 = iz P18 , then
a21 Q22 a23 bar  baa  bos

A+LB— {au +b11 a2 +bi2 a3+ b13}

a21 +ba1  asz +baa  ags + bas

Matrix Multiplication

aix a2 aig bu
Consider matrices Agysg = and B3y, = |bo1 |, then
a1 a2z Aa23 bsy

a11b11 + a12b21 + a13bs1
AXx B=
{ambn + a2b21 + azsba;
Diagonal Matrix

A diagonal matrix is a square matrix (i.e. same number of rows and columns) where all of the off-diagonal
values is 0 (a;; = 0 when i # j).

Example
ail 0 0
0 a22 0
0 0 ass

When a1 = a2 = ags = 1, we call the resulting matrix identity matrix, usually denoted by I.

Matrix Inverse

Consider a square matrix A, x,,. The inverse of the matrix A~ is the matrix where Ax A ' = A" x A =1
where I is the identity matrix.

Example
2 01 0 O 1
A=|1 -1 2 and A'=|2 -1 -3
1 0 0 1 0 -2
Connection to Multiple Linear Regression
Now, consider the following matrices:
1 1 zi1 12 0 Tig—1
Yo 1 w1 x22 -+ Tog_1
Yn><1 = . ; ank =
Yn 1 Tni Tn2 - Tpk-1
Bo €1
B €2
Brx1 = . 7 Enx1l =
Bk—l €n

14



For ease of use, I will not include the subscript describing the matrix dimensions in the rest of these lecture
notes.

Note that, we previously stated
Y =00+ 1 X1+ faXo+ -+ Br—1Xp—1 + e

For each observations, we have

Y = Bo+ B1Xi1 + BoXio + - 4 Br—1Xip—1 + €, fori=1,...,n.

Using matrix algebra, this is equivalent to saying

Y =XB+e
[1 X1 X2 - Xug—r Bo €1
1 Xor Xoo - Xop_ B1 €2
XB4+e=| . . . . + .
| 1 X Xn2 o0 Xpga Br—1 €n
[ Bo+ B1Xa1 + BoXio + -+ Br—1 Xag—1 €1
Bo + B1Xo1 + BaXos + -+ 4 Br—1Xok—1 €
= . + .
| Bo + B1Xn1 + B2 Xno + -+ + Br_1Xnk—1 €n
[ Bo+ B1 X1+ BeXio+ - 4 B X1 + €
Bo+ B1X21 + BaXoo + -+ + Br_1Xok—1 + €2
| Bo+ B1Xn1 + BoXpz + - + Br—1Xnk—1 + €5

The sum of squared errors used to find the least squares regression estimates can also be found using matrix
notation:
SSE = (Y - XB) (Y — XB).

Using this information, the least squares regression estimate for 8 is calculated by
B=(X'X)"'X'Y.

Inverse of (X'X)~!

For simple linear regression:

15



Other items from matrix algebra

Vector of Predicted values: ¥ = X
Sum of Squared Errors: SSE = Y'Y — BIX’Y
Model Sums of Squares: SSM = B/X’Y —nY?

Variance-covariance matrix of regression parameters is
a P PN / —
Var(8) = 6%(X'X)~!

o 62 is the mean squared error, and the diagonal elements of the above matrix give us the variances
(square of the standard errors) for the estimate of the 8; for j =0,...,k — 1.

Let’s see this in action with the allgreen dataset

X <- model.matrix(~ Advertising + SqFt,allgreen)
y <- allgreen$NetSales

betahat <- solve(t(X) %*% X) %% t(X) %*l y
betahat

#it [,1]
## (Intercept) -94.49382
## Advertising 28.32513
## SqFt 45.59163

# Compare our linear algebra to the R summary output
summary (mod) $coefficients[, "Estimate"]

## (Intercept) Advertising SqFt
## -94.49382 28.32513 45.59163

Prediction interval in matrix algebra

For the multiple linear regression,

5 -1
Ymoit]-*%m,fk:'SY\X'\/l_i_w(—)r (X/X) o

Calculation by predict function directly

newdata <- data.frame(SqFt = 3.5,
Advertising = 10)
predict (mod,newdata)

## 1
## 348.3281

predict(mod,newdata,interval="prediction",level = 0.95)

## fit lwr upr
## 1 348.3281 240.8506 455.8057

Calculation by closed formula.

newdata_intercept <- data.frame(inter = 1, Advertising = 10,
SqFt = 3.5)

n <- nrow(allgreen)

y_pre <- predict(mod,newdata)

s_yx <- sqrt(sum(mod$residuals”2)/(n-3))

16



sqrt_term <- sqrt(l +

as.matrix(newdata_intercept)’%*), solve(t(X) %x*% X) %*) t(as.matrix(newdata_intercept)))
lwr <- y_pre - qt(0.975, n - 3)*s_yx*sqrt_term

upr <- y_pre + qt(0.975, n - 3)*s_yx*sqrt_term

lwr
## [,1]
## [1,] 240.8506
upr
it [,1]

## [1,] 455.8057

Regression with Categorical Variables
Indicator Variable

Indicator Variable: A variable that takes only the value 0 or 1 to indicate the absence or presence of some
categorical effects.

Baseline: The value of a categorical variable that is omitted to ensure identifiability of the model.

If the categorical variable has m levels, we will only add m — 1 new indicator variables to our model.

Example

Create a model predicting net personal charges split by whether or not a person is a smoker or not.

mod <- 1lm(charges ~ smoker,insurance)
summary (mod)

##

## Call:

## Im(formula = charges ~ smoker, data = insurance)

##

## Residuals:

## Min 1Q Median 3Q Max

## -19221 -5042 -919 3705 31720

##

## Coefficients:

#it Estimate Std. Error t value Pr(>ltl)

## (Intercept) 8434.3 229.0 36.83 <2e-16 ***

## smokeryes 23616.0 506.1 46.66  <2e-16 ***

##t ——

## Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
##

## Residual standard error: 7470 on 1336 degrees of freedom
## Multiple R-squared: 0.6198, Adjusted R-squared: 0.6195
## F-statistic: 2178 on 1 and 1336 DF, p-value: < 2.2e-16

Interpreting model cha;“ges = 8434.3 + 23616 * smoker
Charges,,onsmoner = 8434.3 + 23616 * 0 = 8434.3; charges,,,  per = 3434.3 4+ 23616 * 1 = 32050.3

e Interpret the parameter associated with smoker_ yes.

— The interpretation of indicator variables to our linear regression is the expected increase (or
decrease) of the response variable for that category relative to the baseline category.
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— We expect a $23,616 increase in response variable for smokers relative to non-smokers.
e Interpret the intercept of the model.

— The interpretation of the intercept with categorical variables is the prediction of the response
variable for the baseline category.

— The predicted response variable for a non-smoker is $8434.30.

Regression with Interaction Terms

Interaction: An effect in a linear model that quantifies the difference in a linear relationship between an one
explanatory variable and the response variable when accounting for the value of another explanatory variable.
Illustration

To illustrate the concept of interaction, let us consider the following example. Suppose that we wish to
determine how two independent variables-temperature (7') and catalyst concentration ( C' )-jointly affect the
growth rate (Y') of organisms in a certain biological system. Further, suppose that two particular temperature
levels ( Top and T3 ) and two particular levels of catalyst concentration ( Cy and C ) are to be examined.

We then have two frames to model the relationship between 7', C' and Y.

Y Y
Co
G
Co C
| | T | | T i
Ty Ty Ty T &
(a) No interaction between T'and C (b) Interaction between 7' and C e

Strategy to include interaction terms

e First, one includes only interactions that are reasonable a priori, based on evaluation of the literature
and one’s expertise. These need not be well-established interactions but rather ones that are worth
considering in the model.

This approach helps to keep regression models parsimonious and to ensure that the model’s explanatory
variables are readily interpretable.

e Oftentimes, a priori knowledge of possible interactions is unavailable or incomplete, and a second
approach is to specify a model with a full set of product terms. For example, if interactions among
three variables X1, X5, and X3 are of interest, such a model to consider is

Y =580 + p1 X1 + foXo + B3 X3 + B2 X1 Xo + B5 X1 X3 + B6X2X3
+ B X1 X9 X5 + €
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Here the two-factor products of the form X;X; are often referred to as first-order interactions; the
three-factor products, like X7 X5 X3, are called second-order interactions; and so on for higher order
products. As a general rule, if a higher-order interaction is specified in a model, all lowerorder terms
should also be included in the model.

Additional terms such as X2, XJZ, XZ-X?, XZ-XJ?’, Xfij, and so on can also be included. Nevertheless,
there is a limit on the total number of such terms: a model with an intercept (8y) term cannot contain
more than n— 1 independent variables when n is the total number of observations in the data. Moreover,
we may have collinearity issues if we include too many terms.

The third approach deals with a situation where the association between the dependent variable and a
particular factor (or factors) is of primary interest. In this case, we may include only interactions with
the primary factor(s). For example, if the purpose of one’s study is to describe the relationship between
X1 and Y, we can consider model:

Y = fo + 51 X1 + B Xo + B3 X3 + B4 X1 Xo + B X1 X3 + €.

Example

# To add an interaction term to our model,

# we use the syntax X1:X2 in addition to X1 and X2

mod_full <- 1lm(charges ~ bmi + smoker + bmi:smoker,insurance)
# To include both main effects and an interaction,

# use the syntaxr X1*X2 = X1 + X2 + X1:X2

# The following lm s the same as the one above

mod_full <- 1lm(charges ~ bmi*smoker,insurance)

# Let's look at a few rows of the model matriz

head (model .matrix(mod_full))

##
##
##
##
##
##
##

##

a s wWwN -

(Intercept) bmi smokeryes bmi:smokeryes

1 27.900 1 27.9

1 33.770 0 0.0

1 33.000 0 0.0

1 22.705 0 0.0

1 28.880 0 0.0

1 25.740 0 0.0

coef (mod_full) # Just the estimates of the betas

(Intercept) bmi smokeryes bmi:smokeryes
5879.42408 83.35056 -19066.00040 1389.75570

##

cha;‘ges = 5879.42 + 83.35bmi — 19066.00smokeryes + 1389.76bmi x smokeryes
Charges, o, smorer = 5879.42 + 83.35bmi

charges — (5879.42 — 19066.00) + (83.35 + 1389.76)bmi

smoker

e Interpret the estimate of the parameter associated with the interaction term in the context of the

problem.

— 1389.76: For a 1 kg/m? increase in bmi, the predicted health expenditures will increase by $1389.76
per year more for a smoker than for a non-smoker.

e Interpret the estimate of the parameter associated with bmi in the context of the problem.

— 83.35: For a 1 kg/m? increase in bmi, the predicted health expenditures for non-smokers increases
by $83.35 per year.
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It is counterintuitive. However, we can see it from the graphs.

o Interpret the estimate of the parameter associated with smokeryes in the context of the problem.

— -19066.00: The predicted insurance charges for a person with a bmi of 0kg/m? is $19,066 less per

year for a person who is a smoker than a non-smoker.

Visualization to check interaction terms

interaction.plot(x.factor = insurance$region,

Average charges

20000 30000

10000

trace.factor = insurance$smoker,
response =insurance$charges,
type = "p",

pch = c(1,2),

fun = mean,

legend = TRUE,

ylab = "Average charges",

Polynomial Regression

xlab = "region",
trace.label = "smoker")
2 k
A smoker
A A yes
O no
o o o
northeast northwest southeast southwest
region

Polynomial Regression: Extension of a linear regression model where we now allow for quadratic, cubic,
and higher-order terms in our regression model.

If we have a single explanatory variable X, then we can have

YNN(ﬁO+BlX+ﬂ2X2+...+ﬁpo,o_2)

or if Y is transformed

The method of finding the regression estimates Bo, Bi,...

Y ~ N (Bo+ 1 X + o X?+ - + B, X7, 0%)

20

, Bp is still minimizing the sum of squared errors:



n . ,
(yi - (50 + lei + ﬁgx? 4+ 5pr))
=1

(2

or

n

Z (Qi — (Bo+ Bri + Boa? -+ ﬁpr))Q

=1

Example

Perform a least squares regression analysis for log median home value with a linear and quadratic term for
crime rate by answering the following questions:

# When you add a polynomial term to a Tegression model,

# put the term inside of I() so that R knows tts a polynomial term
mod_quad <- 1m(log(medv) ~ crim + I(crim”2),Boston)

summary (mod_quad)

##

## Call:

## lm(formula = log(medv) ~ crim + I(crim™2), data = Boston)
##

## Residuals:

## Min 1Q Median 3Q Max

## -1.21897 -0.19946 -0.04171 0.17411 1.16083

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t])

## (Intercept) 3.174e+00 1.674e-02 189.629 < 2e-16 **x*
## crim -5.028e-02 3.429e-03 -14.662 < 2e-16 **x*
## I(crim”2) 4.847e-04 5.747e-05  8.433 3.57e-16 ***
## ——-

## Signif. codes: O '**xx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
##

## Residual standard error: 0.3256 on 503 degrees of freedom
## Multiple R-squared: 0.3681, Adjusted R-squared: 0.3656
## F-statistic: 146.5 on 2 and 503 DF, p-value: < 2.2e-16

Remarks

o Transformations should only be conducted IF AT LEAST ONE OF the assumption of homoscedas-
ticity OR normality is violated.

¢ When adding polynomial terms, if you are adding a p-th order polynomial, then add all of the lower
polynomials as well (i.e. if you add a quadratic, include a linear OR if you add a cubic, include a linear
and quadratic, etc.). However, these terms may be removed with variable selection.

e We can look residual plots to see higher order is still needed or we can apply Lack-of-fit tests.

Regression with Transformation
Transformation

Transformation: Inputting the response variable (Y) into a function to obtain a new response (V) that
more closely meets the assumptions for a linear regression model.
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Common Types of transformations of a response variable:

o Log-Transformation (Y =log(Y),Y > 0): (Note: usually natural logarithm).

— stabilizes the variance if the variability increases significantly with Y (witnessing a horn shape to
the right in the residual plot).

— normalizes the variable if it is highly right skewed (many points on the upper end of QQ-plot are
above the 45-degree line).

— linearizes the relationship if the relationship between X and Y appears to be exponential (look at
this via a scatterplot).

e Square Root-Transformation (}7 =VY.,Y > 0):

— stabilizes the variance if the variance is proportional to the mean (i.e. sd(Y|Xy,...,Xk—1) =
cE(Y|Xy,...,X;_1) where c is a constant). This is particularly appropriate if the dependent
variable has the Poisson distribution.

+ Squared-Transformation (Y = Y?):

— stabilizes the variance if the variance decreases with the mean of Y (horn is pointing left in the
residual plot).

— normalizes the dependent variable if the distribution of the residuals for Y is negatively (left)
skewed.

— linearizes the model if the original relationship with some independent variable is curvilinear
downward (i.e., if the slope consistently decreases as the independent variable increases).

e Choosing a transformation is subjective, and up to each individuals interpretation of the model
assumption checks.

The method of finding the regression estimates Bg, 31, . ,Bk_l is still minimizing the sum of squared errors:

n

Z (ﬂi - (Bo + len +---+ Bk—lxi,k—1)>2

i=1

Exercise

Consider the Boston dataset once again. We do logarithm transformation on response variable.

# Using the lm function
mod <- 1m(log(medv) ~ crim,Boston)
summary (mod)

##

## Call:

## 1m(formula = log(medv) ~ crim, data = Boston)

##

## Residuals:

## Min 1Q Median 3Q Max

## -1.17466 -0.20437 -0.03147 0.17742 1.44893

##

## Coefficients:

#it Estimate Std. Error t value Pr(>[t])

## (Intercept) 3.125172 0.016758 186.49 <2e-16 *x*x

## crim -0.025089 0.001798 -13.96 <2e-16 **x*

## ——-

## Signif. codes: O '**x' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
##

## Residual standard error: 0.3475 on 504 degrees of freedom
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## Multiple R-squared: 0.2787, Adjusted R-squared: 0.2773
## F-statistic: 194.8 on 1 and 504 DF, p-value: < 2.2e-16

# Use lm for mow

log(medv) = 3.125 — 0.02509¢rim
Interpret the slope of the least squares regression line in the context of the given problem.

o For a 1% increase in crime rate in a particular suburb, the predicted log-median home value in that
suburb decreases by 0.02509 log-thousand dollars.

e We can also write the interpretation in terms of the actual median home value by the following:

o medy — 3-125-0.02509crim

e For every 1% increase in crime rate, the predicted median home value in Boston suburbs in thousands
of dollars will change by a factor of e~0-02509

e When doing a log transformation, we are now assuming the relationship between X and Y is exponential,
not linear.

Predict the median home value in a Boston suburb with a 0.75 crime rate per capita.

library(tidyverse)

## Warning: package 'dplyr' was built under R version 4.2.3

## -- Attaching core tidyverse packages ---————---——————————————- tidyverse 2.0.0 --
## v dplyr 1.1.4 v readr 2.1.4

## v forcats 1.0.0 v stringr 1.6.0

## v ggplot2 3.5.2 v tibble 3.2.1

## v lubridate 1.9.2 v tidyr 1.3.0

## v purrr 1.0.1

## -- Conflicts ——————————————————————————— tidyverse_conflicts() --

## x dplyr::filter() masks stats::filter()

## x dplyr::lag() masks stats::lag()

## x dplyr::select() masks MASS::select()

## i Use the conflicted package (<http://conflicted.r-lib.org/>) to force all conflicts to become error

exp(3.125 - 0.02509%0.75)

## [1] 22.33562

# Can stell use the predict function, but have to transform to the original units
newdata <- data.frame(crim = 0.75)
predict(mod,newdata) # Incorrect

## 1
## 3.106355

predict(mod,newdata) %>% exp() # Correct, need the tidyverse or dplyr to run this

## 1
## 22.33947

Logistic Regression

Logistic Regression: A generalized linear regression technique where the response variable is binary (1 for
a “success” or 0 for a “failure”)

23



o Instead of estimating the mean/prediction of Y given Xi, Xs,..., X;_1, in logistic regression, we
estimate the probability that ¥ =1 given X1, Xo, ..., X§_1.

o However, we cannot set Pr(Y = 1|Xy, Xo, ..., Xk—1) = Bo+ 51 X1+ - -+ 8xXk—1 because the probability
is only allowed to be a number between 0 and 1.
o Therefore, in logistic regression, we say that logit(Pr(Y =1)) = 8o+ 51 X1 + -+ + Be Xg—1.

Bo+B1 X1+ +BEp XK1
— — e
o In other words, Pr(Y =1) = WP e sy sl

Note: The logistic regression is one type of generalized linear model.

Example

We take the Titanic dataset as an example to explain the Logistic Regression.

Titanic <- read.csv("Titanic.csv"); Titanic <- na.omit(Titanic)
# We are going to remove any rows with missing data

o We believe that age, sex, and passenger class are the most important explanatory variables that can be
used to predicted whether or not a passenger survived.

e Let’s fit a logistic regression model for the Titanic dataset where we want to predict survival rate of
passengers by their age, sex, and passenger class.

# First, we want passenger class to be a categorical variable
Titanic$Pclass <- as.character(Titanic$Pclass)
# glm runs a generalized linear model, of which logistic regression ts an option
# For logistic regression, family = binomial
mod <- glm(Survived ~ Age + Sex + Pclass,
Titanic,
family=binomial)

summary (mod)

#i#t

## Call:

## glm(formula = Survived ~ Age + Sex + Pclass, family = binomial,
#it data = Titanic)

#i#

## Deviance Residuals:

#it Min 1Q  Median 3Q Max

## -2.7303 -0.6780 -0.3953 0.6485  2.4657

#i#

## Coefficients:

#it Estimate Std. Error z value Pr(>|zl)

## (Intercept) 3.777013 0.401123 9.416 < 2e-16 *x**
## Age -0.036985 0.007656 -4.831 1.36e-06 ***
## Sexmale -2.522781  0.207391 -12.164 < 2e-16 **x
## Pclass2 -1.309799  0.278066 -4.710 2.47e-06 **x*
## Pclass3 -2.580625 0.281442 -9.169 < 2e-16 **x
## -—-

## Signif. codes: O '***x' 0.001 '*x*x' 0.01 'x' 0.056 '.' 0.1 ' ' 1
#it

## (Dispersion parameter for binomial family taken to be 1)
#i#

#i# Null deviance: 964.52 on 713 degrees of freedom

## Residual deviance: 647.28 on 709 degrees of freedom
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## AIC: 657.28
#i#
## Number of Fisher Scoring iterations: 5

e Interpret the parameter estimate associated with Male in the context of the problem.

— -2.523: The predicted log-odds of surviving the Titanic crash is 2.523 lower for a male than for a
female, holding age and passenger class constant.

o Interpret the parameter estimate associated with Age in the context of the problem.

—-0.03699: For every 1 year increase in age, the predicted log-odds of surviving the Titanic crash is
0.03699 lower, holding sex and passenger class constant.

Hypothesis Testing in Logistic Regression
e Setting up Hy and H,.

— Just like we did in hypothesis testing for linear models, we will write out the reduced and full
models using a log-odds regression setup (see previous example).

— Hy: Values in the full model taken out to get the reduced model.
— H,: The exact opposite of Hy.
e We cannot use the t-test or the F-test because we do not assume the data are normally distributed.

o We will use (log)-likelihoods to perform hypothesis tests.

Log-likelihood

Log-likelihood: An evaluation of how likely the value of a regression parameter is fitting for the given set of
data and the given assumed model.

« Related to the SSE in linear regression analysis.
e The larger the log-likelihood, the better our generalized linear model is at making inference.
In the summary of a glm, the output gives us two deviance values:

o Null Deviance: -2*loglikelihood for the glm with no explanatory variables (dfn.; = n — 1). Related
to the SST in linear regression.

o Residual Deviance: -2*loglikelihood for the glm with the given explanatory variables (dfyes = n—k, k
is the number of parameters in the model including intercept). Related to the SSE in linear regression.

e Null Deviance - Residual Deviance: A value that is related to the SSM in linear regression (just
like SSM = SST - SSE).

o In statistical theory, under Hy, (Null Deviance - Residual Deviance) follows a Chi-squared distribution
with (n — 1) — (n — k) = k — 1 degrees of freedom. Difference in the two deviances is related to the
SSM in linear regression.

— Our Test Statistic x? = Null Deviance — Residual Deviance.
— p-value: p = Pr(x?_, > x?) (calculating the right tail of the distribution, similar to an F-test).
* If p —value < a, we reject Hy.

x If p—value > a, we fail to reject Hy.
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Example

Perform a formal hypothesis test to determine if our overall logistic regression model is statistically significant.
« Reduced Model: logit(Survived) = So
o Full Model: logit(Surﬁived) = Bo + P1Age + PaSexMale + B3 Pclass2 + f4Pclass3

Hy:p1=-=p4=0;H,: At least one 8 # 0

# Test statistic

chi2 <- summary(mod)$null - summary(mod)$deviance
## Null Deviance - Residual Deviance

# p-value, 4 degrees of freedom

p <- pchisq(chi2,df = 4,lower.tail=FALSE)

chi2

## [1] 317.2328
p
## [1] 2.074158e-67

x2 =317.23,p = 2.0742 x 1077, so we reject Hy and conclude that a logistic regression model predicting
survival probability of the Titanic by sex, age, and passenger class is statistically significant.

Poisson Regression

Poisson regression: a generalized linear regression technique which serves for modeling discrete dependent
variables, e.g., Y =1,2,3,4,....

« For the Poisson distribution, Pr(Y = y) = “yj!_ " where 1 is the mean (rate) of this specific poisson
distribution, i.e., E(Y) = p.

e The rate g must be positive.

e However, Sg+81 X1+ - -+ Bx—1Xk—1 could be negative. So we can not set up = Bo+51 X1+ +Br—1Xk—1-
Similar with the classical regression for normal distributed Y and logistical regression for 0-1 distributed Y.
We hope to model the mean of Y in the Poisson regression context somehow by predictors Xy,..., Xx_1.

In poisson regression context, we model the mean of response variable by

ln(li) =Fo+ 51 X1+ + Be—1Xk—1.

In other words,

= ePotBiXait - +Br—1Xp—1

Thus, we can summarize the likelihood function for poisson regression is

Lo | X) = [[ Pr(vi0) = H{”Y,}

1=
n ’

{H?:l NZ/Z} e Zeim M
[Ti=, !
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where p; = efothrXiat+Br1Xik_1

Then, the maximum likelihood estimator @ can be obtained by solving k number of equations

0
— L@ | X)=0 j=0,1,....k—1;
B
where 8 = (Bo,...,8k—1). See Appendix Maximum Likelihood Estimation for the tutorial for maximum
likelihood estimation.
Example
library (MASS)
data("ships")
# View structure
str(ships)
## 'data.frame': 40 obs. of b variables:
## $ type : Factor w/ 5 levels "A","B","C","D",..: 1111111122 ...
## $ year : int 60 60 65 65 70 70 75 75 60 60 ...
## $ period : int 60 75 60 75 60 75 60 75 60 75 ...

## $ service : int 127 63 1095 1095 1512 3353 0 2244 44882 17176 ...
## $ incidents: int 0 0 3 4 6 18 0 11 39 29 ...

head (ships)

##  type year period service incidents

## 1 A 60 60 127 0
## 2 A 60 75 63 0
## 3 A 65 60 1095 3
## 4 A 65 75 1095 4
## 5 A 70 60 15612 6
## 6 A 70 75 3353 18

Data frame giving the number of accidents of ships with other predictors.

model_ships <- glm(incidents ~ type + year + period + log(service+l),
data = ships, family = poisson)
# Here, I take log(service+l) is to make all predictors have a similar scale.

summary (model_ships)

#i#

## Call:

## glm(formula = incidents ~ type + year + period + log(service +
#it 1), family = poisson, data = ships)

#i#

## Deviance Residuals:

#it Min 1Q  Median 3Q Max

## -2.2463 -0.8715 -0.3557 0.1153 2.8380

#i#

## Coefficients:

## Estimate Std. Error z value Pr(>|zl)

## (Intercept) -8.67747 1.51715 -5.720 1.07e-08 ***
## typeB -0.33833 0.259563 -1.304 0.19235
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## typeC -0.73272 0.34110 -2.148 0.03170 *
## typeD -0.28278 0.29187 -0.969 0.33261

## typeE 0.33785 0.24256 1.393 0.16366

## year 0.03572 0.01379  2.590 0.00960 *x*
## period 0.02217 0.00811 2.734 0.00625 *x*
## log(service + 1) 0.89106 0.09813 9.081 < 2e-16 *x**
## ——

## Signif. codes: O '***x' 0.001 'xx' 0.01 'x' 0.056 '.' 0.1 ' ' 1
##

## (Dispersion parameter for poisson family taken to be 1)
##

## Null deviance: 730.253 on 39 degrees of freedom

## Residual deviance: 58.245 on 32 degrees of freedom
## AIC: 172.11

##

## Number of Fisher Scoring iterations: 5

We can also perform a formal hypothesis test to determine if our overall poisson regression model is statistically
significant:

# Test statistic

chi2 <- summary(model_ships)$null - summary(model_ships)$deviance
## Null Deviance - Residual Deviance

# p-value, 7 degrees of freedom why?

p <- pchisq(chi2,df = 7,lower.tail=FALSE)

chi2

## [1] 672.0081
p

## [1] 7.46111e-141

Hypothesis Test on Regression
Fundamental Equation of Regression Analysis

SST = SSM + SSE

holds for any general regression situation. Figure below illustrates this equation.

R-Squared(R?)

R-Squared(R?): the percent of variation in the response variable Y that can be explained through its linear
relationship with the explanatory variable X in the data in our sample.

Formally,
~ SSM  SST - SSE

SST SST ’
where SST = Y"1 (y;i — §)%, SSM = 31 ((Bo + Arzi) — 9)?, and SSE = Y"1 (y; — (Bo + P1:))%.

e SST: Sum of Squares Total, total variation in the response variable Y

R2

e SSM: Sum of Squares for the Model, total variation in the response variable Y that IS explained by
its linear relationship with X

e SSE: Sum of Squared Errors, total variation in the response variable Y that IS NOT explained by
its linear relationship with X
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Figure 2: One illustration for simple linear regression
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About R-squared
« For simple linear regression, r2 is the square of the sample correlation, so 0 < r? < 1.

e The larger the value of r2, the more variation in Y we can explain through its linear relationship with
X, the stronger the linear relationship between them.

— If 72 = 1, all of the variation in Y can be explained linearly by X (in other words, SSE = 0).
— If r2 = 0, no variation in Y can be explained linearly by X.

2

e 72 does NOT measure the magnitude of Bl (i.e. r? can be close to one, but Bl may still be close to zero,

or 72 can be close to zero, but may be large.)

« 72 is NOT a measure of the appropriateness of the linear model.
— We cannot use 72 by itself to test for a linear relationship.

— We can use r2 along with other pieces of information about the dataset to determine a significantly
linear relationship between X and Y.

Adjusted R?

Adjusted R?%: Rgdj’p =1- % =1-(01- RQ)Z—:;. Adjusts the regular r? for the number of

parameters in the model.
ANOVA table for Regression
Mean Squared for Model (MSM): The variance of Y explained by the linear model with X

SSM
MSM = >
SM=1"7

where k — 1 is the model degrees of freedom for our linear model, and k is the number of parameters (s) in
our linear model.

e You can also think of the model degrees of freedom as the number of s we add to the reduced model to
get the full model.

Example
For simple linear regression: k = 2 and MSM = SSM.
Mean Squared Error (MSE): The variance of Y not explained by the linear model with X

SSE
n—Fk’

where n — k is the error degrees of freedom for our linear model.

MSE =

e error degrees of freedom tell us the number of additional parameters we can add to our model without
overfitting our model. If we have more parameters than observations (i.e. kK > n, we cannot properly
interpret the estimates of the model parameters)

e n is our sample size and k is the number of parameters in our linear model.
Example
For simple linear regression, k = 2, and we said our error degrees of freedom is n — 2.
F Statistic

F Statistic: A statistic that measures the ratio of the variances of the response variable Y that is explained /not
explained by the model
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P MSM  SSM/(k —1) Explained Variance

MSE  SSE/(n—k)  Unexplained Variance

Here, it is equivalent to do F' test for overall model significance.

ANOVA Table Format

Sums of
df Squares Mean Square F Value Pr(>f)
Model k—1 SSM MSM = M F=YsM P;Fdﬁ:k_mfgzn_p >
F
Error n—k SSE MSE = 558
Total n—1 SST

Test for Overall Significance

Example Perform a test for a significant linear regression for All Green’s net sales with both advertising
dollars and square footage as predictors (explanatory variables, covariates).

As we defined earlier,
Ho:B1=82=0 . Hgy: At least one §; #0 for j =1,2.

mod <- 1m(NetSales ~ Advertising + SqFt,allgreen)

Explained_variance <- sum( (mod$fitted.values - mean(allgreen$NetSales)) 2)/2
Unexplained_variance <-(sum(mod$residuals”2)/mod$df.residual)

F_test <- Explained_variance/Unexplained_variance

F_test

## [1] 174.4105

For the overall significance, we can read it from summary directly.

mod <- 1lm(NetSales ~ Advertising + SqFt,allgreen)

# The information you need to perform an

# overall hypothesis (F) test can be found in summary(mod)
summary (mod) $£

## value numdf dendf
## 174.4105 2.0000 24.0000

e F-distribution with 2 and 24 degrees of freedom.
Find the p-value.
pf(174.4,2,24,1ower.tail = FALSE)
## [1] 5.067854e-15
so we reject Hy and conclude that a linear model with at least one of advertising spending and square footage

is statistically significant in predicted AllGreen net sales for franchises.

Fact about F statistic F-statistic:

Explained Variance  SSM/(k — 1) R?/(k—1)

Unexplained Variance  SSE/(n —k) (1 — R2) /(n — k)
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Singel Partial F-test

(single) partial F-test: This test assesses whether the addition of any specific independent variable, given
others already in the model, significantly contributes to the prediction of Y.

The test, therefore, allows for the deletion of variables that do not help in predicting Y and thus enables one
to reduce the set of possible independent variables to an economical set of “important” predictors.

Example Does adding square footage to our linear model that already includes advertising spending
significantly improve the prediction of net sales?

« Reduced Model: NetSales = By + B1 Advertising

« Full Model: NetSales = Bo + P1Advertising + $2SqF't
Ho:B2=0,Hy: B2 #0
Manually:

mod_red <- I1m(NetSales ~ Advertising,allgreen)
mod_full <- 1lm(NetSales ~ Advertising + SqFt,allgreen)
(sum(mod_red$residuals™2) - sum(mod_full$residuals™2) ) /(sum(mod_full$residuals”2) /mod_full$df.residu

## [1] 37.35142
By ANOVA:

# We can write two different nested linear models

# and use the ANOVA function to calculate the

# F statistic and p-value

mod_red <- 1lm(NetSales ~ Advertising,allgreen)
mod_full <- 1lm(NetSales ~ Advertising + SqFt,allgreen)
anova(mod_red,mod_full)

## Analysis of Variance Table

##

## Model 1: NetSales ~ Advertising

## Model 2: NetSales ~ Advertising + SqFt

##  Res.Df RSS Df Sum of Sq F Pr(>F)

## 1 25 157826

## 2 24 61740 1 96086 37.351 2.591e-06 **x

## -—-

## Signif. codes: O '***x' 0.001 '**x' 0.01 'x' 0.05 '.' 0.1 ' ' 1

The t-test alternative For the test of single partial significance test when number of additional variable
is 1, it is equivalent for us to apply the two-sided t-test.

o Reduced Model: Y = By + S1.X1 + -+ Bi1 X1
o Full Model: ¥ = By + B1.X1 + - + Bio1 Xi-1 + BiX;

We can consider the t-test statistic

It can be read from model summary.
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Multiple partial F-test
Multiple partial F-test: addresses the simultaneous addition of two or more variables to a model.
e The multiple partial F-test is a straightforward extension of the single partial F test.

o It is often used to test whether a “chunk” (i.e., a group) of variables having some trait in common
is important. An example of a chunk is a collection of variables that are all of a certain order,
e.g.,(Advertising)?, Advertising x SqFt, and (SqFt)? are all of order 2.

In general, for a total of £ — 1 explanatory variables and we assume the first [ — 1 variables are already
included in the model (I < k):

o Reduced Model: Y = B + S1.X1 + - + Bi—1.X1-1

o Full Model: Y = 8y + 1 X1 + -+ Bi1 X1 + BiXy + -+ Br1 X1
Ho:Bi=p04+1=+=Pr-1 =0, H, : At least one [, Bi41,...,0k-1 #0
We know that, for any linear model: SST = SSM + SSE

e For the reduced model: SST = SSM,cquced + SSE;cduced

 For the full model: SST = SSMyy; + SSE fuu

What happens to the sums of squares when we add explanatory variables from the reduced model to get the
full model?

e The SSM for the full model will always go up, compared to the reduced model, and the SSE will always
go down.

o The difference between SSE;cquced and SSEy,,; is the additional sums of squares explained by the full
model that are not explained by the reduced model.

F-statistic

New Explained Variance _ (SSErcduced—SSEfuu)/(k—1)
till Unexplained Variance ~ SSE w11/ (n—k)

o F-statistic: S

— k — [ are the additional degrees of freedom to the linear model (i.e. the number of parameters (;s
we are adding to the reduced model to get the full model)

— n — k are the error degrees of freedom

e p — value: Calculated using an F-distribution with & — [ and n — k degrees of freedom.

Example Suppose now we want to test whether or not including at least one of square footage and amount
of inventory significantly improves the linear model with advertising already included. Perform this hypothesis
test.

« Reduced Model: NetSales = Bo + f1Advertising

« Full Model: NetSales = Bo + B1Advertising + P2SqF't + BsInventory
Hy: B = 3 =0,H, : At least one 5 # 0
F = 25.04, p = 1.683 x 1079, so we reject Hy and conclude that adding at least one of square footage
and inventory to our linear model that already includes advertising spending is statistically significant in
predicting net sales at All Green franchises.
Test for a linear combination of estimators
Consider the following situations:

1. Suppose that we are interested in if advertising is twice as effective as square footage on the net sales value
of store. This conjecture can be addressed by considering the null hypothesis Ho : Badvertising = 283qFt-
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2. We may be interested in estimating how much net sales increases, on average, as a result of 1 unit
increase for square footage and advertising. In other words, we would want to estimate the quantity (
Badvertising + Bsqrt ) and construct a confidence interval for this unknown parameter.

3. We may wish to assess whether or not the joint effect of 1 unit change of square footage and advertising
is equal to a hypothesized number ¢ on net sales, where ¢ is a specified mean change. This assessment
could be made via a hypothesis test of Hy : Badvertising + BsqFt = ¢-

All of the above situations can be addressed using the same general approach. The quantity of interest is
expressed as a linear function L of the 8 coefficients, with the estimate of L denoted as L. In the case of
hypothesis tests (situations 1 and 3 above), we typically rearrange L as an expression equal to 0.

For example, for situation 17 L= Badvcrtising - 2BSqFt =0 and ff = Badvcrtising - 2BSqFt-
Hypothesis tests and confidence intervals all utilize the estimated value L and its estimated standard error s i

e Hypothesis tests use the test statistic S;, which follows the ¢,_j distribution under the null hypothesis
that L = 0.
« Confidence intervals uses the formula L + t1-2 n—k (%)'
A key difference from earlier is that the standard error of f/, s; or, equivalently, its variance, si is not readily
obtained from standard output.

The formula for s% = \//E;"([A/) is

k—1 k=2 k-1

2

s; = c —I—QE E clcjcov< 6)
=0 =0 j=1i+1

Variance and covariance matrix The variance and covariance matrix corresponding with
A A A ’
(Bo, By -+, Pr_1) is 03(X X)~!; where we can estimate 0> by SSE/(n — k), i.e., s%,‘X.

Example Check Hy : ﬁadvertising = 25SqFt

n = nrow(allgreen)

X <- model.matrix(~ Advertising + SqFt,allgreen)

mod_full <- 1m(NetSales ~ Advertising + SqFt,allgreen)

L_hat = mod_full$coefficients["Advertising"] - 2*mod_full$coefficients["SqFt"]
sse = sum(residuals(mod_full) "2)/(n - 3)

XXinverse = solve(t(X) %*% X)

s_lhat = sqrt( c(0,1,2)°2 %*} c(ssexdiag(XXinverse)) - ssex*2*1*2xXXinverse[2,3])
L_hat/s_lhat

## [,1]
## [1,] -3.475113

We can also calculate it by using linearHypothesis function from the car package.

library(car)

## Loading required package: carData

#i#
## Attaching package: 'car

## The following object is masked from 'package:dplyr':
##
#i# recode
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## The following object is masked from 'package:purrr':
#i#
## some

mod_full <- 1m(NetSales ~ Advertising + SqFt,allgreen)
linearHypothesis(mod_full, "Advertising = 2*SqFt")

##

## Linear hypothesis test:

## Advertising - 2 SqFt = 0

##

## Model 1: restricted model

## Model 2: NetSales ~ Advertising + SqFt

#

## Res.Df RSS Df Sum of Sq F  Pr(>F)

## 1 25 92806

## 2 24 61740 1 31066 12.076 0.001959 *x*

## ——-

## Signif. codes: O '*x*xx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Influential Observations

Influential Observations: Observations that may influence the estimation of the least squares regression
line.

Leverage(h;): is a measure of the extremeness of an observation with respect to the independent variables.

We can compute Leverage by hatvalues function

mod <- 1m(SBP ~ Age,bloodpressure)
hatvalues(mod)

## 1 2 3 4 5 6 7
## 0.03887884 0.03384700 0.03333595 0.03384700 0.09151663 0.03344406 0.10382106
## 8 9 10 11 12 13 14
## 0.03478064 0.10382106 0.05074102 0.08580667 0.05074102 0.06167938 0.05160587
#i# 15 16 17 18 19 20 21
## 0.03478064 0.03454478 0.03333595 0.15001179 0.12645452 0.13401211 0.04563055
## 22 23 24 25 26 27 28
## 0.03682483 0.03887884 0.11919176 0.03352268 0.04245617 0.08039154 0.07170375
## 29 30

## 0.09308908 0.11730482

Jackknife residuals

Generally, large outliers will result in large ¢; values. Therefore, the sizes of the ¢; (or the standardized or
studentized residuals) can be studied in order to detect outliers.

Sometimes, the outlier exerts influence on the fitted regression surface, pulling the fitted regression surface
away from the main body of the data and toward itself, thereby reducing the size of the associated residual.

The jackknife residual avoids this problem and, therefore, unmasks outliers.

For the i th observation, the jackknife residual, r(_;), is calculated as

A

€i
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The quantity s?i 0 is the mean square error computed with the ¢ th observation deleted. If the outlier pulls
the surface toward itself and away from the main body of the data, s?, will be larger than 3?—1') Therefore,

for the ¢ th observation, r(_;) will be larger than the studentized residual, r;, in the case of an outlier.

Py ~ tn—k—1-

Example Plot the studentized residuals for the blood pressure dataset against the predictions from the
least squares regression line g; fori=1,...,n

# fitted(mod) gives the y-hat values

# rstudent (mod) calculates the studentized residuals

plot(fitted(mod) ,rstudent (mod))
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fitted(mod)

e We have a single point that is way above the others at a studentized residual of 8, the rest are between
-2 and 2.

How do we determine statistically which points are influential observations?
We can say that

P—iy ~ taf=n—k—1

The n — k — 1 degrees of freedom incorporates the fact that the Jackknife residuals use the leverage values
from leave one out regression.

So, the influential points according to studentized residuals are points where || > t;_a , 1 where
t1—a n—k—1 is the (1 = §)-th quantile from a ¢-distribution with n — k — 1 degrees of freedom.
Collinearity

Collinearity: A phenomenon in regression modelling where two of the independent/explanatory variables in
a model are correlated.

Multicollinearity: A phenomenon in regression modelling where more than two of the indepen-
dent/explanatory variables in a model are correlated.
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o If two explanatory variables have a correlation of -1 or 1, they are considered to be perfectly collinear.

o If three or more explanatory variables have pairwise correlation of -1 or 1, they are considered to be
perfectly multicollinear.

o If aregression model has multicollinearity, then we may not be able to easily determine which explanatory
variables are most significant in a model.

Variance inflation factor

Variance Inflation Factor (VIF): The VIF quantifies exactly how much the variance of a regression
coefficient is inflated due to multicollinearity.

You can say it is comparing the mean squared error of

Reduced Model: Y = S, + BjX; vs.
Full Model: ¥ = 8o+ 1X1 + -+ B; X 4+ -+ Bp1Xp 1

1
1R

J

VIF(j) =
where R? is the R-squared of a linear model for X; with all of the other explanatory variables as predictors,
i.e., regressing X; on X _;; X _; represents new X without the j-th column.

Note: Rf is a number between 0 and 1, VIF(j) > 1
o If 1 < VIF(j) <5, then there is no signficant evidence of multicollinearity for variable X.

o If 5 < VIF(j) < 10, then there is moderate evidence of multicollinearity for variable X;, and we should
start to consider excluding X; from our linear model.

o If VIF(j) > 10, then there is significant evidence of multicollinearity for variable X;, and we should
definitely consider excluding X; from our linear model.

# Need library(regclass) to run the VIF function
library(regclass)

## Loading required package: bestglm

## Loading required package: leaps

## Loading required package: VGAM

## Warning: package 'VGAM' was built under R version 4.2.3
## Loading required package: stats4

## Loading required package: splines

##
## Attaching package: 'VGAM'

## The following object is masked from 'package:car':
#i#
#i# logit

## Loading required package: rpart
## Loading required package: randomForest
## randomForest 4.7-1.1

## Type rfNews() to see new features/changes/bug fixes.
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#i#
## Attaching package: 'randomForest'

## The following object is masked from 'package:dplyr':
##
## combine

## The following object is masked from 'package:ggplot2':
#i#
## margin

## Important regclass change from 1.3:
## All functions that had a . in the name now have an _
## all.correlations -> all_correlations, cor.demo -> cor_demo, etc.

mod <- 1m(NetSales ~ .,allgreen)
VIF (mod)
## SqFt Inventory Advertising SizeofDist NoofStores

## 4.240914 10.122480 7.624391 6.912318 5.818768

# Let's look at the VIF for the linear model without inventory
mod_less <- 1lm(NetSales ~ . - Inventory,allgreen)
VIF (mod_less)

## SqFt Advertising SizeofDist NoofStores
## 3.579850 3.795323 5.861520 5.468943

# The potential issue of multicollinearity has decreased substantially!

e When you find explanatory variable(s) with a high VIF, only eliminate the variable with the highest
VIF. The other explanatory variables may then exhibit a lower VIF when one is eliminated.

Variable Selection
Maximum Model

Maximum Model: The model with all of the explanatory variables, potentially including polynomial and
interaction terms, that we would be okay with including in our regression model.

AIC

Akaike Information Criterion (AIC): AIC = nlog(SSE(p)/n) + 2p; why? Recall that the original definition
of AIC is

AIC = 2k — 21In(L),
where L is the maximized value of the likelihood function for the model.

Backward Selection
1. Start with a model that contains all possible predictors, i.e., Y ~ N (8o + S1 X1 + -+ + Bp—1Xp-1,02).
2. For each of the possible variable to be removed from the model
o Calculate AIC.
e Remove the variable to the model that has the lowest AIC.
3. Repeat (2).
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4. If the AIC does not decrease any further, do not remove any additional variables from the model, and
return the final model.
mod_max <- lm(medv ~ .*. + I(crim"2) + I(lstat”2),Boston)
summary (mod_max)

##

## Call:

## 1m(formula = medv ~ . * . + I(crim™2) + I(1lstat”™2), data = Boston)
##

## Residuals:

#t Min 1Q Median 3Q Max

## -7.6973 -1.4638 -0.1232 1.3974 18.0726

#i#

## Coefficients:

#it Estimate Std. Error t value Pr(>ltl)

## (Intercept) -1.580e+02 6.778e+01 -2.331 0.020238 =*
## crim -1.595e+01 6.552e+00 -2.434 0.015362 *
## zn -9.695e-02 4.568e-01 -0.212 0.832014

## indus -2.606e+00 1.693e+00 -1.540 0.124429

## chas 4.228e+01 1.952e+01 2.166 0.030886 *
## nox 3.256e+01 7.512e+01 0.433 0.664883

## rm 2.539%9e+01 5.680e+00 4.469 1.02e-05 *x*x*
## age 1.256e+00 2.719e-01 4.617 5.21e-06 *xxx*
## dis -1.191e+00 4.594e+00 -0.259 0.795528

## rad 1.615e+00 2.460e+00 0.657 0.511868

## tax 1.865e-02 1.438e-01 0.130 0.896881

## ptratio 2.988e+00 2.844e+00 1.051 0.293958

## black 9.128e-02 7.464e-02 1.223 0.222048

## lstat 1.154e+00 8.813e-01 1.309 0.191139

## I(crim”2) 1.653e-03 1.282e-03 1.290 0.197901

## I(1lstat™2) 9.597e-03 4.955e-03 1.937 0.053450 .
## crim:zn 3.926e-01 1.803e-01 2.178 0.029980 *
## crim:indus -1.008e-01 4.490e-01 -0.225 0.822479

## crim:chas 2.511e+00 5.723e-01 4.389 1.45e-05 **x*
## crim:nox -9.525e-01 9.355e-01 -1.018 0.309156

## crim:rm 1.469e-01 6.209e-02 2.366 0.018432 *
## crim:age -3.890e-03 3.876e-03 -1.004 0.316108

## crim:dis -1.249e-01 1.102e-01 -1.133 0.257777

## crim:rad -6.996e-01 5.809e-01 -1.204 0.229132

## crim:tax 3.868e-02 4.287e-02 0.902 0.367526

## crim:ptratio 4.169e-01 3.351e-01 1.244 0.214130

## crim:black -3.390e-04 1.873e-04 -1.809 0.071111 .
## crim:lstat 2.461e-02 6.918e-03  3.558 0.000417 *x*x*
## zn:indus -6.176e-04 4.646e-03 -0.133 0.894299

## zn:chas -5.522e-02 6.430e-02 -0.859 0.390991

## zn:nox -1.995e-02 4.706e-01 -0.042 0.966213

## zn:rm 4.700e-03 2.605e-02 0.180 0.856925

## zn:age -4.973e-05 8.488e-04 -0.059 0.953310

## zn:dis 1.067e-02 7.526e-03 1.418 0.156850

## zn:rad -2.057e-03 7.017e-03 -0.293 0.769600

## zn:tax 3.742e-04 1.781e-04 2.101 0.036217 =*
## zn:ptratio -3.931e-03 6.997e-03 -0.562 0.574599

## zn:black 6.068e-05 7.602¢-04 0.080 0.936425

## zn:1lstat -9.350e-03 4.693e-03 -1.992 0.047013 *
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##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##

indus:chas -2.932e-01
indus:nox 3.159e+00
indus:rm 3.048e-01
indus:age 9.970e-05
indus:dis -3.758e-02
indus:rad -2.713e-02
indus:tax 3.143e-04
indus:ptratio -5.562e-02
indus:black 8.016e-04
indus:1lstat -4.682e-05
chas:nox -3.176e+01
chas:rm -5.225e+00
chas:age 2.639e-02
chas:dis 1.110e+00
chas:rad -7.436e-01
chas:tax 4.127e-02
chas:ptratio -5.642e-01
chas:black 2.454e-02
chas:1lstat -2.863e-01
nox:rm 4.535e+00
nox:age -7.212e-01
nox:dis 5.285e+00
nox:rad -1.908e-01
nox:tax -2.901e-02
nox:ptratio -3.732e+00
nox:black -1.618e-02
nox:1lstat 9.074e-01
rm:age -6.275e-02
rm:dis 2.315e-01
rm:rad -5.765e-02
rm:tax -2.112e-02
rm:ptratio -5.249e-01
rm:black -3.188e-03
rm:1lstat -2.238e-01
age:dis -1.617e-02
age:rad 1.449e-02
age:tax -3.650e-04
age:ptratio -5.918e-03
age:black -7.431e-04
age:lstat -6.509e-03
dis:rad =-7.290e-02
dis:tax -3.832e-03
dis:ptratio -4.194e-02
dis:black -4.430e-03
dis:1lstat 1.167e-01
rad:tax 5.668e-05
rad:ptratio -2.698e-02
rad:black -8.219e-04
rad:1lstat -2.374e-02
tax:ptratio 7.823e-03
tax:black 2.694e-05
tax:1lstat -1.226e-03
ptratio:black 8.018e-04
ptratio:lstat -1.948e-03

NWFRLRFP,PNFRLNOFR,PPOOONNTNFE,NONPOOTWNOF,WNMNOWWRFERRFR,WNDMORLP,POOWORF, O, P, FPNOWOOOOOOWR LW

.787e-01
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## black:1lstat -3.907e-04 4.265e-04 -0.916 0.360207

## ——

## Signif. codes: O '***x' 0.001 'xx' 0.01 'x' 0.056 '.' 0.1 ' ' 1
##

## Residual standard error: 2.842 on 412 degrees of freedom

## Multiple R-squared: 0.9221, Adjusted R-squared: 0.9045

## F-statistic: 52.44 on 93 and 412 DF, p-value: < 2.2e-16

# The step() function in R conducts backwards, forwards,
# or stepwise selection procedures in # determining the "best" regression model

mod_best_backward <- step(mod_max,direction="backward",trace = 0)
# If you do not want to see all of the selection proceedings,
# then input trace = 0 into the function

Forward Selection
1. Start with a model that contains no predictors, i.e., Y ~ N (3o, 0?).
2. For each of the possible variables to be added to the model.
e Calculate AIC when adding each variable individually from the model.
o Add the variable from the model that has the smallest AIC.
3. Repeat (2).

4. If the criterion does not change any further, do not add any additional variables to the model, and
return the final model.

We can do such selection by setting step(direction="forward"

Stepwise Selection

Stepwise selection starts the same as backward selection, except that it incorporates “re-examination”. In
other words, variables that were previously removed from the model using backward selection are now allowed
to be reentered into the model if adding the variable back in minimizes or maximizes the specific criterion.

We can do such selection by setting step(direction="both") .

Appendix
Maximum Likelihood Estimation

Maximum likelihood method: refers to a very general algorithm for obtaining estimators of population
parameters.

To understand this method, we suppose there are n independent data pairs ((Y1, X1),..., (Y, X,)); where
X, represents (X;1,...,X;5—1) fori=1,...,n.

Also, we assume that the density or probability mass function for Y given X is

£(Y | 00);

when 0 is the true related parameters and X = (X,..., X ) represents all predictors and Y = (Y7,...,Y},)
represents all response values.
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Likelihood function Likelihood function: is the density function regarded as a function of

LO|Y)=£(Y|6),0c0O

Then, we can define the Maximum Likelihood Estimator (MLE)
The maximum likelihood estimator (MLE):

A

oY) = arg max LO|Y)

Note that if @(Y) is a maximum likelihood estimator for @, then ¢(8(Y)) is a maximum likelihood estimator
for g(@). Typically, maximizing the log-likelihood InL(€ | Y') will be easier.

e For the classical linear regression, the estimators obtained by least square and maximum likelihood
methods are identical.

e For logistic regression, the least squares may result in some predicted probabilities that are negative or
greater than 1.0.

o For poisson regression, the least squares may result in negative value of response variable.

o For logistic and poisson regression, the maximum likelihood estimates are more accurate than least
squares estimates.
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